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REDUCED EXPRESSION OF MINIMAL INFINITE REDUCED
WORDS OF AFFINE WEYL GROUPS
WEIJIA WANG
Abstract. For an infinite Coxeter system, one can extend the weak right
order to the set of infinite reduced words. This is called limit weak order.
In [Transformation Groups 18(1), 2013, 179-231], Lam and Pylyavskyy show
that for affine Weyl groups of type A˜n minimal infinite reduced words under
the limit weak order are precisely those infinite Coxeter elements and ask
the question of a characterization, in terms of infinite reduced words, of the
minimal elements of the limit weak order for other affine types. In this paper
we characterize the minimal infinite reduced words in other irreducible affine
Weyl groups by one of their reduced expressions.
1. Background
Enumeration of the reduced expressions of an element in a Coxeter group is an
important theme in the study of the combinatorics of Coxeter groups. For an infi-
nite Coxeter group, one can consider the infinite reduced words (with respect to the
simple reflections), which are studied for their interplay with the Tits boundary,
twisted weak order, biclosed sets and dynamic system etc. Finding the reduced
expressions of an infinite reduced word is a similarly natural and interesting combi-
natorics question. However little is known about the reduced expressions of infinite
reduced words. In [9], Lam and Pylyavskyy showed that for affine Weyl groups of
type A˜n minimal infinite reduced words under the limit weak order are precisely
those infinite Coxeter elements, i.e. they have a reduced expression of the form
(si1 · · · sin+1)∞ where S˜ = {si1 , · · · , sin+1} (S˜ is the set of simple reflections). In
this paper we obtain similar results for other irreducible affine Weyl groups, i.e. we
find a specific reduced expression for all minimal infinite reduced words.
Let (W,S) be a Coxeter system and |S| be finite. See [2] and [7] for the basics
of the Coxeter groups and their root systems.
For w ∈ W , the inversion set of w is defined to be {α ∈ Φ+|w−1(α) ∈ Φ−} and
is denoted by Φw.
Now assume thatW is infinite. A sequence s1s2s3 · · · , si ∈ S is called an infinite
reduced word of W if s1s2 · · · sj is reduced for any j ≥ 1. The inversion set of an
infinite reduced word s1s2 · · · , denoted Φs1s2···, is the union ∪∞i=1Φs1s2···si . Two
infinite reduced words are considered equal if their inversion sets are equal. The
set of infinite reduced words of (W,S) will be denoted by Wl. We denote W ∪Wl
by W . Let u ∈W, v ∈Wl, one can define the multiplication uv as in Definition 2.6
in [15]. An element w ∈W is called straight if l(wn) = |nl(w)|. It is proved in [12]
that ifW is infinite any Coxeter element is straight. Choose a reduced expression w
of a straight element w, then www · · · well defines an infinite reduced word which
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is independent of the choice of w and we shall denote this infinite reduced word by
w∞.
A subset Γ of the set of roots Φ is said to be closed if for any α, β ∈ Γ and
k1α + k2β ∈ Φ, k1, k2 ∈ R≥0 one has that k1α + k2β ∈ Γ. A set B ⊂ Γ such
that both B and Γ\B are closed is called a biclosed set in Γ. Inversion set of an
element in the Coxeter group or an infinite reduced word is biclosed in Φ+, the
set of positive roots. There exists a W -action on the set of all biclosed sets in Φ+
given by w · B := (N(w)\w(−B)) ∪ (w(B)\(−N(w))). For this action, see [5]. In
particular u ·N(v) = N(uv) for u ∈ W and v ∈ W . The natural action of W on a
set A ⊂ Φ is denoted w(A) (i.e. w(A) = {w(α)|α ∈ A}.)
Let W be an irreducible Weyl group with the crystallographic root system Φ
contained in the Euclidean space V . Let Φ+ be the chosen standard positive system
of Φ and let Π be the simple system of Φ+. For these notions, see Chapter 1 of [7].
The root system of an (irreducible) affine Weyl group W˜ (corresponding to W ) can
be constructed in the following way.
Let δ be an indeterminate. Construct a R−vector space V ′ = V ⊕Rδ and extend
the inner product on V to V ′ by requiring (δ, v) = 0 for any v ∈ V ′. If α ∈ Φ+,
define {̂α} = {α + nδ|n ∈ Z≥0} ⊂ V ′. If α ∈ Φ−, define {̂α} = {α + (n + 1)δ|n ∈
Z≥0} ⊂ V ′. For a set Λ ⊂ Φ, define Λ̂ =
⋃
α∈Λ {̂α} ⊂ V ′.
Then the set of roots of the affine Weyl group W˜ , denoted by Φ˜, is Φ̂⊎−Φ̂. The
set of positive roots (resp. the set of negative roots) is Φ̂ (resp. −Φ̂). The set of
simple roots is {α|α ∈ ∆} ∪ {δ − ρ} where ρ is the highest root in Φ+. Let α be a
root in Φ˜. The reflection in α, denoted by sα, is the map V
′ → V ′ : v 7→ v−2 (v,α)(α,α)α.
Then the (irreducible) affine Weyl group W˜ is generated by sα, α ∈ Φ˜. It is known
to be a Coxeter group with the simple reflections being the reflections in the simple
roots of Φ̂. For v ∈ V , define the R−linear map tv : V ′ → V ′ by tv(u) = u+(u, v)δ.
For α ∈ Φ, define the coroot α∨ = 2 α(α,α) . Let T be the free Abelian group generated
by {tγ∨|γ ∈ ∆}. Then one has that W˜ = W ⋉ T. It is known that tα is straight
for a coroot α. We call an element tα a pseudo-translation where α is in the coroot
lattice (the lattice spanned by the coroot). Let π be the canonical projection from
W˜ to W .
There is a classification of biclosed sets in the set of positive roots which are
the inversion sets of infinite reduced words for affine Weyl groups in [15], which is
based on previous work in [4]. We recall it here. For ∆′ ⊂ Φ, denote by Φ∆′ the
root subsystem generated by ∆′. It is shown in [6] that the biclosed sets in Φ are in
the form (Ψ+\Φ∆1) ∪Φ∆2 where Ψ+ is a positive system of Φ and ∆1,∆2 are two
orthogonal subsets (i.e. (α, β) = 0 for any α ∈ ∆1, β ∈ ∆2) of the simple system of
Ψ+. We denote the set (Ψ+\Φ∆1) ∪ Φ∆2 by Ψ+∆1,∆2 .
Any biclosed set in Φ˜+(= Φ̂) is of the form w · Ψ̂+∆1,∆2 for some Ψ+,∆1,∆2 and
w ∈ U where U is the reflection subgroup generated by Φ̂∆1∪∆2 . The biclosed sets
which are inversion sets of infinite reduced words are precisely those of the form
w · Ψ̂+∆1,∅, w ∈ U,∆1 ( ∆ where U is the reflection subgroup generated by Φ̂∆1 . In
particular w · Ψ̂+∆1,∅ equals Ψ̂
+
∆1,∅ ∪ B where B is a finite biclosed set in Φ̂∆1 and
the union is disjoint.
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The extended weak order on W (denoted (W,≤)) is a partial order defined as:
u ≤ v if and only if Φu ⊂ Φv. The extended weak order restricted on W (denoted
(W,≤)) is called weak order and the extended weak order restricted onWl (denoted
(Wl,≤)) is called limit weak order. If u ≤ v for u ∈ W, v ∈ W , u is called a left
prefix of v.
2. Existence of minimal infinite reduced words
In this section we address the problem of the existence of the minimal infinite
reduced words and discuss the cardinality of the set of them.
Theorem 2.1. Suppose that |S| is finite. The limit weak order on Wl has minimal
elements.
Proof. We first show that under the limit weak order any decreasing chain of Wl
has a lower bound in Wl.
Since (W,≤) is a complete meet semi-lattice by Theorem 2.9 in [15], such chain
must have a lower bound in W . We show that such lower bound cannot be e.
Assume to the contrary the lower bound is the identity element e. Suppose that
{α1, α2, · · · , αr} is the set of simple roots. Then α1 cannot be in the inversion
set of all elements in this chain. So we can find an element u in this chain whose
inversion set does not contain α1. So we consider the elements in the chain below
u. They form another decreasing sub-chain (whose meet is also e and sα1 is not
the prefix of any element in this sub-chain). Proceed in this manner we will get a
sub-chain such that any simple reflection is not the prefix of any element of it. But
this is a sub-chain of infinite reduced words. This is a contradiction.
Now we show that such lower bound cannot be some w ∈ W either. If so, we
left multiply all elements in the chain by w−1 and the new chain will have lower
bound e.
This means that the lower bound must lie in Wl. Then apply Zorn’s Lemma to
the opposite poset of the limit weak order on Wl and we see the conclusion. 
The minimal elements in (Wl,≤) will be called minimal infinite reduced words.
Remark. If S is infinite, it could happen thatWl has no minimal element. Consider
the weak direct product of Wi, i = 1, 2, · · · where each Wi is of type A1 (i.e. Z2).
Then any infinite reduced word is of the form s1s2 · · · , si ∈ S, si 6= sj if i 6= j. One
can easily see that any sub-infinite reduced word of it is less than it under the limit
weak order.
Theorem 2.2. (1) For an irreducible affine Weyl group W˜ , the minimal infinite
reduced words are those infinite reduced words whose inversion set is of the form
Ψ̂+∆1,∅ with |∆1| = |∆| − 1 where ∆ is the simple system of Ψ+.
(2) The number of minimal infinite reduced words for W˜ is |W |(∑H 1|H| ) where
the sum runs over the set of maximal standard parabolic subgroups.
Proof. (1) Let u be a minimal infinite reduced word. Assume that Φu = w · Ψ̂+∆1,∅
where w is an element in the reflection subgroup generated by Φ̂∆1 . Then w has to
be the identity since otherwise w·Ψ̂+∆1,∅ equals Ψ̂
+
∆1,∅∪B where B is a finite biclosed
set in Φ̂∆1 (See Theorem 1.3(2) in [15]). Hence Φu = Ψ̂
+
∆1,∅. Since ∆1 ( ∆, the
minimality forces that |∆1| = |∆| − 1.
4 WEIJIA WANG
(2) By (1) the minimal infinite reduced words are in bijection with the biclosed
sets (in Φ) of the form Ψ+∆1,∅ with |∆1| = |∆| − 1. Therefore we count the number
of the biclosed sets of that form. To do this, one considers the natural action of
the finite Weyl group W on these biclosed sets. We take Ψ+ = Φ+, the standard
positive system. By Theorem 1.15 of [4] every biclosed set of the form Ψ+∆1,∅ with
|∆1| = |∆| − 1 is conjugate to some unique Φ+M,∅ with |M | = |Π| − 1. Now the
assertion follows from the fact that the stabilizer of Φ+
M,∅ is precisely WM , the
standard parabolic subgroup generated by sα, α ∈M. 
A Coxeter group is said to be word hyperbolic if and only if it contains no
subgroup isomorphic to Z× Z.
Proposition 2.3. Let (W,S) be an infinite non-affine word-hyperbolic Coxeter
system. Then (Wl,≤) admits infinitely many minimal elements.
Proof. By [10] Theorem 3, two infinite reduced words are comparable if and only
if they are in the same block of (Wl,≤). (Two infinite reduced words are in the
same block if and only if the symmetric difference of their inversion sets is finite.)
Furthermore the limit weak order limited to a block is isomorphic to the weak order
of a finite Coxeter group. Therefore each block has a unique maximal element
(which is also a maximal element of Wl) and a unique minimal element (which
is also a minimal element of Wl). By [15] Theorem 3.16, W has infinitely many
maximal elements. Therefore (Wl,≤) has infinitely many blocks. Therefore it has
infinitely many minimal elements. 
3. the theorem
Let (U, S) be a finite Coxeter system. We denote by w0 the longest element of
U . Let V be a standard parabolic subgroup of U . We denote by wV0 the longest
element of V . For J ⊂ S, we denote by WJ the parabolic subgroup generated by
J . Let Π be the set of simple roots of the root system of U . For Γ ⊂ Π define
WΓ :=WJΓ where JΓ = {sα|α ∈ Γ}.
Let W be a finite irreducible Weyl group of type Xn, X = B,C,D,E, F,G. We
denote the simple roots by β1, β2, · · · , βn. The numbering of these simple roots
comes from the following Dynkin diagram:
Type Bn · · ·
1 2 3 n− 1 n
Type Cn · · ·
1 2 3 n− 1 n
Type Dn
· · ·
1 2 3 n− 2
n− 1
n
Type E6
1
2
3 4 5 6
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Type E7
1
2
3 4 5 6 7
Type E8
1
2
3 4 5 6 7 8
Type F4
1 2 3 4
Type G2
1 2
Theorem 3.1. (1) For W of type Bn, an infinite reduced word of W˜ is minimal
if and only if it has a reduced expression of the forms
(vsδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβi
}
0 w0, 2 ≤ i ≤ n and i is even,
(v(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)) · · ·
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβi
}
0 w0, 3 ≤ i ≤ n and i is odd,
(vsδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0.
(2) For W of type Cn, an infinite reduced word of W˜ is minimal if and only if
it has a reduced expression of the form
(vsδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβi
}
0 w0 for 1 ≤ i ≤ n.
(3) For W of type Dn, an infinite reduced word of W˜ is minimal if and only if
it has a reduced expression of the forms
(vsδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0.
(vsδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβi
}
0 w0 where i is even and i ≤ n− 2
(vsδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · · (sβi−1sβi)sδ−ρ)
i−1
2
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(sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβi
}
0 w0 where i is odd and 3 ≤ i ≤ n− 2
(vsδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβn−1
}
0 w0 where n is odd,
(vsδ−ρ(sβ2sβ3 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sβn−1sδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβn}
0 w0 where n is odd,
(vsδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβn−1
}
0 w0 where n is even,
(vsδ−ρsβ2 · · · sβn−2sβn−1sβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ)u)∞
where uv is a reduced expression of w
WS\{sβn}
0 w0 where n is even.
(4) For W of type E6, an infinite reduced word of W˜ is minimal if and only if it
has a reduced expression of the forms
(vsδ−ρ(sβ2sβ4sβ5sβ3sβ4sβ1sβ2sβ3sβ4sβ5sβ6sδ−ρ)
2sβ2sβ4sβ5sβ3sβ4sβ2sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0,
(vsδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ2
}
0 w0,
(vsδ−ρ(sβ2sβ4sβ5sβ6sβ3sβ4sβ5sβ2sβ4sβ1sβ3sβ4sβ2sβ5sβ4sβ6sβ5sδ−ρ)
2
(sβ2sβ4sβ3sβ5sβ4sβ2sβ1sβ3sβ4sβ6sβ5sβ4sβ3sβ2sβ4sδ−ρ)
(sβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρ)u)
∞
where uv is a reduced expression of w
WS\{sβ3
}
0 w0,
(vsδ−ρsβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ4
}
0 w0,
(vsδ−ρ(sβ2sβ4sβ3sβ1sβ5sβ4sβ3sβ2sβ4sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρ)
2
(sβ2sβ4sβ5sβ3sβ4sβ2sβ6sβ5sβ4sβ1sβ3sβ4sβ5sβ2sβ4sδ−ρ)
(sβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρ)u)
∞
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where uv is a reduced expression of w
WS\{sβ5
}
0 w0,
(vsδ−ρ(sβ2sβ4sβ3sβ5sβ4sβ6sβ2sβ5sβ4sβ3sβ1sδ−ρ)
2sβ2sβ4sβ3sβ5sβ4sβ2sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ6
}
0 w0.
(5) For W of type E7, an infinite reduced word of W˜ is minimal if and only if it
has a reduced expression of the forms
(vsδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ2sβ3sβ4sβ5
sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ2sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5
sβ4sβ2sβ3sβ4sβ7sβ5sβ6sδ−ρsβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ2
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ3
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ3sβ2sβ4sβ7
sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρsβ1sβ3sβ4sβ5sβ2
sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ4
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1sβ4sβ2sβ6
sβ3sβ4sβ5sβ6sβ7sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ5sδ−ρsβ1sβ3
sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ4sβ3sβ1
sβ2sβ4sβ5sβ3sβ4sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ3sβ2
sβ4sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρsβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7
sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ5
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ6
}
0 w0,
(vsδ−ρsβ1sβ3sβ4sβ2sβ5sβ6sβ4sβ5sβ3sβ4sβ1sβ2sβ3sβ4sβ5sβ6sδ−ρ
sβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ7
}
0 w0.
(6) For W of type E8, an infinite reduced word of W˜ is minimal if and only if it
has a reduced expression of the forms
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ5sβ2
sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6
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sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ2
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ1sβ2sβ4sβ3sβ5sβ4sβ2sβ6sβ5sβ4sβ3
sβ1sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ2sδ−ρ
sβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ3sβ6sβ4
sβ5sβ2sβ4sβ3sβ1sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ3
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6
sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ1sβ3sβ4sβ5sβ2sβ6sβ4
sβ5sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sβ5sβ6sβ7sβ8sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1
sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ7sβ8sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ7sβ5sβ6sδ−ρsβ8sβ7sβ6
sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5sβ6sβ3sβ4sβ2sβ5sβ4sβ1sβ3
sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7
sβ5sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ4
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sβ5sβ6sβ7sβ8sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1
sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ7sβ8sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ7sβ5sβ6sδ−ρsβ8sβ7sβ6sβ5
sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5sβ6sβ3sβ4sβ2sβ5sβ4sβ1sβ3sβ4
sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7sβ5
sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ5
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5
sβ6sβ3sβ4sβ2sβ5sβ4sβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4
sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7sβ5sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8
sδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ6
}
0 w0,
(vsδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7sβ5sβ2sβ6sβ4sβ5sβ3sβ4
sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ7
}
0 w0,
(vsδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ8
}
0 w0.
(7) For W of type F4, an infinite reduced word of W˜ is minimal if and only if it
has a reduced expression of the forms
(vsδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0,
(vsδ−ρsβ1sβ2sβ3sβ4sβ2sβ3sβ2sβ1sδ−ρu)
∞
MINIMAL INFINITE REDUCED WORDS OF AFFINE WEYL GROUPS 9
where uv is a reduced expression of w
WS\{sβ2
}
0 w0,
(vsδ−ρsβ1sβ2sβ3sβ2sβ1sβ4sβ3sβ2sβ3sβ1sβ2sδ−ρ
sβ1sβ2sβ3sβ4sβ2sβ3sβ2sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ3
}
0 w0,
(vsδ−ρsβ1sβ2sβ3sβ2sβ1sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ4
}
0 w0.
(8) For W of type G2, an infinite reduced word of W˜ is minimal if and only if
it has a reduced expression of the forms
(vsδ−ρsβ2sβ1sβ2sδ−ρu)
∞
where uv is a reduced expression of w
WS\{sβ1
}
0 w0,
(vsδ−ρu)∞
where uv is a reduced expression of w
WS\{sβ2
}
0 w0.
To prove the theorem, we begin with the following lemmas.
Lemma 3.2. For w ∈ W , one has wΦ+∆1,∅ = uΦ
+
∆1,∅ such that u
−1 is a left prefix
of w
W∆1
0 w0.
Furthermore, suppose that
(1) (w
W∆1
0 w0)x is straight (in W˜ ) and w
W∆1
0 w0 is a left prefix of (w
W∆1
0 w0)x,
(2) Φ
((w
W∆1
0 w0)x)
∞
= Φ̂+∆1,∅.
Then ŵΦ+∆1,∅ = Φ(u(wW∆10 w0)xu−1)∞
.
Proof. It is well known that there exists a decomposition w = uv such that ℓ(w) =
ℓ(u) + ℓ(v), v ∈ W∆1 and no reduced expression of u ends with sα, α ∈ ∆1. (See
Proposition 2.2.4 in [2]) Since v stabilizes Φ+∆1,∅, wΦ
+
∆1,∅ = uΦ
+
∆1,∅. By Theorem
4.1 of [3], under the weak left order there exists a unique maximal element p of
the set {q ∈ W |l(qsα) > l(q), ∀α ∈ ∆1} and therefore u ≤ p under the weak left
order. And such an element is exactly w0w
W∆1
0 . (See section 2.5 of [2]) So the first
conclusion follows.
Now we have
ŵΦ+∆1,∅ = ûΦ
+
∆1,∅ = u · Φ̂
+
∆1,∅ = u · Φ((wW∆10 w0)x)∞
= Φ
u((w
W∆1
0 w0)x)
∞
= Φ
(u(w
W∆1
0 w0)xu
−1)∞
.
The second equality follows from Theorem 1.4(3) in [15] and the trivial fact when
regarded as an element in W˜ one has π(u) = u. The fourth equality follows from
Lemma 2.7(d) in [15]. 
Given w ∈ W and Φ+∆1,∅, denote the unique element u as in the above Lemma
by u[w,∆1].
We call a coroot β an i-th distinguished coroot if (βi, β) > 0 and (βj , β) = 0
for j 6= i. We call a tβ an i-th distinguished pseudo-translation if β is an i-th
distinguished coroot.
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Lemma 3.3. (1) Let β be an i-th distinguished coroot. One has Φ+∆\{βi},∅ ⊂
Φtβ and
̂Φ+∆\{βi},∅ = Φt∞β . Therefore t
∞
β is the minimal infinite reduced word
corresponding to Φ+∆\{βi},∅.
(2) w
WS\{sβi
}
0 w0 is a left prefix of tβ. Then tβ = w
WS\{sβi
}
0 w0x for some x ∈W .
For any w ∈ W , ̂wΦ+∆\{βi},∅ = Φu[w,∆1](wW∆10 w0)x(u[w,∆1])−1)∞ .
Proof. (1) follows from Lemma 4.6 and its proof in [14].
(2) First one easily sees that Φ
w
WS\{sβi
}
0 w0
= Φ+∆\{βi},∅. Since Φ
+
∆\{βi},∅ ⊂ Φtβ
by (1), the first assertion follows. The other assertions follow directly from Lemma
3.2. 
Proof of Theorem 3.1. A minimal infinite reduced word of W˜ has its inversion
set of the form Ψ̂+Π1,∅ where |Π1| = |∆| − 1 by Theorem 2.2. We have that Ψ̂
+
Π1,∅ =
ŵΦ+∆1,∅ for some w ∈ W and ∆1 ⊂ ∆, |∆1| = |∆| − 1. By Lemma 3.3 (2), we only
need to verify that for each of the expressions of the form (vyu)∞ in the Theorem,
uvy is a reduced expression for some distinguished pseudo-translation. We leave
the detail verification in the following sections. 
4. B˜n
For the realization of the root system, in this and subsequent sections we roughly
follow 18.14 of [13].
The simple roots are β1, β2, · · · , βn which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫn be the standard basis of Rn. Then simple roots can be realized as
follow: β1 = ǫ1 − ǫ2, β2 = ǫ2 − ǫ3, · · ·βn−1 = ǫn−1 − ǫn, βn = ǫn. Therefore the
coroots are β1, β2, · · · , βn−1, 2βn. The positive roots are: βi + βi+1 + · · ·+ βn, 1 ≤
i ≤ n, βi + βi+1 + · · ·+ βj−1, 1 ≤ i < j ≤ n, βi + βi+1 + · · ·+ βj−1 + 2(βj + βj+1 +
· · ·+ βn), 1 ≤ i < j ≤ n. The highest root is β1 + 2(β2 + β3 + · · ·+ βn).
Lemma 4.1. (1) A set of i-th distinguished pseudo-translations 1 ≤ i ≤ n is given
as follow.
When i is even,
tβ1+2β2+···+iβi+iβi+1+···iβn
= w
WS\{sβi
}
0 w0sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
When i is odd and i ≥ 3
t2β1+4β2+···+2iβi+2iβi+1+···2iβn
= w
WS\{sβi
}
0 w0(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ.
t2β1+2β2+···+2βn
= w
WS\{sβ1
}
0 w0sδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρ
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(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give reduced expressions of these pseudo-translation.
Proof. (1) One easily checks that the pseudo-translations in the lemma are distin-
guished.
It is well-known from the action of the longest element on a simple root that
w
WS\{sβi
}
0 w0(β1) = βi−1,
w
WS\{sβi
}
0 w0(β2) = βi−2,
· · ·
w
WS\{sβi
}
0 w0(βi−1) = β1,
w
WS\{sβi
}
0 w0(βi) = −β1 − · · · − βi − 2βi+1 − · · · − 2βn, if i 6= n,
w
WS\{sβi
}
0 w0(βi) = −β1 − · · · − βn, if i = n,
w
WS\{sβi
}
0 w0(βi+1) = βi+1,
· · ·
w
WS\{sβi
}
0 w0(βn) = βn.
Now we check the first identity (i is even). The strategy is to check the action
of left hand side and the right hand side on the simple roots agree.
Suppose j < i, and j is odd
sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj−1sβj−2sβjsβj−1)sδ−ρ)(βj)
= sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+1sβjsβj+2sβj+1)sδ−ρ)(β1)
= βi−j
w
WS\{sβi
}
0 w0(βi−j) = βj
Now suppose that j < i and j is even
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj−2sβj−3sβj−1sβj−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= β2 + β3 + · · ·+ βj ,
sδ−ρ(β2 + β3 + · · ·+ βj) = −β1 − · · · − βj − 2βj+1 − · · · − 2βn + δ,
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj ))
(−β1 − · · · − βj − 2βj+1 − · · · − 2βn + δ) =
−β1 − β2 − 2β3 − · · · − 2βn + δ,
sδ−ρ(−β1 − β2 − 2β3 − · · · − 2βn + δ) = β2,
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)) · · ·
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2))(β2) = βi−j .
w
WS\{sβi
}
0 w0(βi−j) = βj.
By the above calculation
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sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βi)
= −β1 − · · · − βi − 2βi+1 − · · · − 2βn + δ,
w
WS\{sβi
}
0 w0(−β1 − · · · − βi − 2βi+1 − · · · − 2βn + δ) = βi + δ.
For j > i one easily sees that
w
WS\{sβi
}
0 w0sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= βj .
On the other hand,
tβ1+2β2+···+iβi+iβi+1+···iβn(βj) = βj , j 6= i,
tβ1+2β2+···+iβi+iβi+1+···iβn(βi) = βi + δ.
So we have established the first equality.
Now we prove the second identity (i is odd and i ≥ 3). Assume j < i, j is odd.
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ(βj)
= (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj−1sβj−2sβjsβj−1))(βj)
= (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+1sβjsβj+2sβj+1))(β1)
= βi−j−1.
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)(βi−j−1)
= (sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβi)(βi−j)
= βi−j+1, if j ≥ 3
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)(βi−2)
= (sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβi)(βi−1) = −β1 − · · · − βi−1 + δ
Now we compute
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(β1) = β3,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(β2) = β4,
· · ·
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi−3) = βi−1,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi−2)
= sδ−ρ(β2 + · · ·+ βi−1 + 2βi + · · ·+ 2βn) = −β1 − · · · − βi−1 + δ,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))2(βi−2) = β2,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi−1) = β1,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi) = β2 + · · ·+ βi − δ,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi+1) = βi+1,
· · ·
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βn) = βn.
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(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(−β1−· · ·−βi−1+δ) = β2
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2 −1(β2) = β2+2( i−12 −1)
= βi−1
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
j−3
2 (βi−j+1) = βi−2
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−j+2
2 (βi−2)
= (sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−j−2
2 (β2)
= β2+2 i−j−22
= βi−j .
w
WS\{sβi
}
0 w0(βi−j) = βj.
Now we treat the case where j is even and j < i. Still i ≥ 3 and i is odd.
For i− j ≥ 3
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj ))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ(βj) = β2.
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2))(β2) = βi−j−1.
For i− j = 1
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ(βj)
= −β1 − · · · − βi−1 − 2βi − · · · − 2βn + δ
Then for i− j ≥ 3
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)(βi−j−1)
= (sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβi)(βi−j)
= βi−j+1
for i− j = 1
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)
(−β1 − · · · − βi−1 − 2βi − · · · − 2βn + δ) = β2
Next for i− j ≥ 3
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
j−2
2 (βi−j+1)
= βi−j+1+2( j−22 ) = βi−1
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))(βi−1) = β1
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2 −1− j−22 (β1)
= β1+i−1−2−j+2 = βi−j
w
WS\{sβi
}
0 w0(βi−j) = βj.
for i− j = 1
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−3
2 (β2)
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= β2+2 i−32
= βi−1.
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2 − i−32 (βi−1)
= β1.
w
WS\{sβi
}
0 w0(β1) = βi−1 = βj .
Now we calculate
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ(βi) = βi.
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)(βi) = −β2−· · ·−βi−2βi+1−· · ·−2βn+δ,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−3
2
(−β2 − · · · − βi − 2βi+1 − · · · − 2βn + δ)
= (sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−5
2
(−β4 − · · · − βi − 2βi+1 − · · · − 2βn + δ)
= (sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−7
2
(−β6 − · · · − βi − 2βi+1 − · · · − 2βn + δ)
= −βi−1 − βi − 2βi+1 − · · · − 2βn + δ
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
(−βi−1 − βi − 2βi+1 − · · · − 2βn + δ)
= −β1 − · · · − βi − 2βi+1 − · · · − 2βn + 2δ
w0w
WS\{sβi
}
0 (−β1 − · · · − βi − 2βi+1 − · · · − 2βn + 2δ) = βi + 2δ.
Now let j > i
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ(βj) = βj .
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)(βj) = βj ,
(sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2 (βj) = βj .
w
WS\{sβi
}
0 w0(βj) = βj .
On the other hand,
t2β1+4β2+···+2iβi+2iβi+1+···2iβn(βj) = βj , j 6= i,
t2β1+4β2+···+2iβi+2iβi+1+···2iβn(βi) = βi + 2δ.
So we have established the second equality.
Finally we treat the case where i = 1 (third identity)
sδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρ(β1) = −α− 2β2 − · · · − 2βn + 2δ
w0w
WS\{sβ1
}
0 (−β1 − 2β2 − 2β3 − · · · − 2βn + 2δ) = β1 + 2δ.
sδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρ(β2)
= sδ−ρ(−β1 − β2 − 2β3 − · · · − 2βn + δ) = β2
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For j > 2
sδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρ(βj) = βj
On the other hand,
t2β1+2β2+···+2βn(βj) = βj , j 6= 1,
t2β1+2β2+···+2βn(β1) = β1 + 2δ.
So we have established the third equality.
(2) When i is even, ℓ(tβ1+2β2+···+iβi+iβi+1+···iβn) = 2ni − i2. To see this, there
are i(n − i + 1) + i(n − i) = 2ni − 2i2 + i positive roots whose supports contain
βi and have the coefficient of βi being 1, i.e. βj + βj+1 + · · · + βk, j ≤ i ≤ k and
βj+· · ·+βi+· · ·+βk+2βk+1+· · ·+βn, j ≤ i, i < k. There are (1+2+· · ·+(i−1)) =
i(i−1)
2 positive roots whose supports contain βi and have the coefficient of βi being
2, i.e. βi−1 + 2βi + · · ·+ 2βn, βi−2 + βi−1 + 2βi + · · · + 2βn, βi−2 + 2βi−1 + 2βi +
· · ·+ 2βn, · · · , β1 + 2β2 + · · ·+ 2βn.
ℓ(w0w
WS\{sβi
}
0 ) = n
2 − i(i− 1)
2
− (n− i)2 = 2ni− 3i
2
2
+
i
2
ℓ(sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ))
≤ 1 + 5 + 9 + · · ·+ (2i− 3) = (1 + 2i− 3) i
4
=
i2 − i
2
Therefore
ℓ(w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ)((sβ2sβ1sβ3sβ2)sδ−ρ))
≤ 2ni− i2.
But by the first equality in (1), the ≤ above is actually equality.
Similarly when i is odd, ℓ(tβ1+2β2+···+iβi+iβi+1+···iβn) = 4ni− 2i2.
ℓ((sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ)
≤ (1 + (4n− 2i− 1))( i− 1
2
) + (2n− 1) + (i− 2) i− 1
2
= 2ni− i
2
2
− i
2
.
Therefore
ℓ(w0w
WS\{sβi
}
0 (sδ−ρ(sβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβnsβn−1 · · · sβi))
i−1
2
(sδ−ρsβ2sβ3 · · · sβnsβn−1 · · · sβisβ1sβ2 · · · sβi−1)
(sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3))
· · · (sδ−ρ(sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4))(sδ−ρ(sβ2sβ1sβ3sβ2))sδ−ρ)
≤ 4ni− 2i2.
But by the second equality in (1), the ≤ above is actually equality.
For i = 1
ℓ(w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn · · · sβ3sβ2sδ−ρ)
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≤ 2n− 1 + 2n− 1 = 4n− 2.
By the second equality in (1), the ≤ above is actually equality. 
5. C˜n
The simple roots are β1, β2, · · · , βn which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫn be the standard basis of Rn. Then simple roots can be realized as
follow: β1 =
ǫ1−ǫ2√
2
, β2 =
ǫ2−ǫ3√
2
, · · ·βn−1 = ǫn−1−ǫn√2 , βn =
√
2ǫn. Therefore the
coroots are 2β1, 2β2, · · · , 2βn−1, βn. The positive roots are: 2(βi+βi+1+· · ·+βn−1)+
βn, 1 ≤ i ≤ n, βi + βi+1 + · · ·+ βj−1, 1 ≤ i < j ≤ n, βi + βi+1 + · · ·+ βj−1 + 2(βj +
βj+1+· · ·+βn−1)+βn, 1 ≤ i < j ≤ n. The highest root is 2(β1+β2+· · ·+βn−1)+βn.
Lemma 5.1. (1) A set of i-th distinguished pseudo-translations 1 ≤ i ≤ n is given
as follow.
t2β1+4β2+···+2(i−1)βi−1+2iβi+2iβi+1+···+2iβn−1+iβn
= w
WS\{sβi
}
0 w0sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ)
(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give reduced expressions of these pseudo-translation.
Proof. (1) One easily checks that the pseudo-translations in the lemma are distin-
guished.
It is well-known from the action of the longest element on a simple root that
w
WS\{sβi
}
0 w0(β1) = βi−1,
w
WS\{sβi
}
0 w0(β2) = βi−2,
· · ·
w
WS\{sβi
}
0 w0(βi−1) = β1,
w
WS\{sβi
}
0 w0(βi) = −β1− β2 − · · · − βi − 2βi+1 − 2βi+2 − · · · − 2βn−1− βn, if i 6= n,
w
WS\{sβi
}
0 w0(βi) = −2β1 − 2β2 − · · · − 2βn−1 − βn, if i = n,
w
WS\{sβi
}
0 w0(βi+1) = βi+1,
· · ·
w
WS\{sβi
}
0 w0(βn) = βn.
Now we check the identity. For j < i,
sβi−1sβi−2 · · · sβ1sδ−ρ(βj) = βj−1,
sβi−2sβi−3 · · · sβ1sδ−ρ(βj−1) = βj−2,
· · ·
sβi−(j−1)sβi−j · · · sβ1sδ−ρ(β2) = β1,
sβi−jsβi−j−1 · · · sβ1sδ−ρ(β1) = δ − β1 − · · · − βi−j − 2βi−j+1 − · · · − 2βn−1 − βn,
sβi−j−1 · · · sβ1sδ−ρ(δ − β1 − · · · − βi−j − 2βi−j+1 − · · · − 2βn−1 − βn) = βi−j ,
sβi−j−2 · · · sβ1sδ−ρ(βi−j) = βi−j ,
· · ·
sδ−ρ(βi−j) = βi−j .
w
WS\{sβn}
0 w0(βi−j) = βj .
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For j > i one easily sees that
w
WS\{sβi
}
0 w0sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ)(βj) = βj .
Suppose that i 6= n we compute
sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ)(βi)
= δ − β1 − · · · − βi − 2βi+1 − · · · − 2βn−1 − βn,
w
WS\{sβi
}
0 w0(δ − β1 − · · · − βi − 2βi+1 − · · · − 2βn−1 − βn) = βi + δ.
Now assume that i = n. We compute
sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβn−1sβi−2 · · · sβ1sδ−ρ)(βn)
= 2δ − 2β1 − · · · − 2βn−1 − βn,
w
WS\{sβn}
0 w0(2δ − 2β1 − · · · − 2βn−1 − βn) = βn + 2δ.
On the other hand,
t2β1+4β2+···+2(i−1)βi−1+2iβi+2iβi+1+···+2iβn−1+iβn(βj) = βj , j 6= i,
t2β1+4β2+···+2(i−1)βi−1+2iβi+2iβi+1+···+2iβn−1+iβn(βi) = βi + δ, if i 6= n
t2β1+4β2+···+2(n−1)βn−1+nβn(βn) = βn + 2δ
Therefore we have proved (1).
(2) Let i < n. There are n2 − i(i−1)2 − (n − i)2 positive roots whose support
containing βi. Among them i +
i(i−1)
2 of them has the coefficient of βi being 2 (i
of them are of the form 2(βk + · · · + βn) + βn and i(i−1)2 of them are of the form
βk+ · · ·+βj−1+2(βj+ · · ·+βn−1)+βn) and others have the coefficient of βi being
1. Hence
|Φt2β1+4β2+···+2(i−1)βi−1+2iβi+2iβi+1+···+2iβn−1+iβn |
(n2 − i(i− 1)
2
− (n− i)2)− (i+ i(i− 1)
2
) + 2(i+
i(i− 1)
2
) = −i2 + i+ 2ni.
Let i = n. There are n2 − n(n−1)2 positive roots whose support containing βi
(βn). All of them have the coefficient of βn being 1. Hence
|Φt2β1+4β2+···+2(n−1)βn−1+nβn |
= 2(n2 − n(n− 1)
2
) = n2 + n = −i2 + i+ 2ni.
ℓ(w
WS\{sβi
}
0 w0sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ))
≤ ℓ(wWS\{sβi}0 w0) + ℓ(sδ−ρ(sβ1sδ−ρ)(sβ2sβ1sδ−ρ) · · · (sβi−1sβi−2 · · · sβ1sδ−ρ))
= (n2 − i(i− 1)
2
− (n− i)2) + (1 + 2 + · · ·+ i) = −i2 + i+ 2ni
= ℓ(t2β1+4β2+···+2(i−1)βi−1+2iβi+2iβi+1+···+2iβn−1+iβn)
But by (1) the inequality is indeed equality. 
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6. D˜n
The simple roots are β1, β2, · · · , βn which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫn be the standard basis of Rn. Then simple roots can be realized as
follow: β1 =
ǫ1−ǫ2√
2
, β2 =
ǫ2−ǫ3√
2
, · · ·βn−1 = ǫn−1−ǫn√2 , βn =
ǫn−1+ǫn√
2
. Therefore the co-
roots are 2β1, 2β2, · · · , 2βn−1, 2βn. The positive roots are: βi+βi+1+· · ·+βj−1, 1 ≤
i < j ≤ n, βi + βi+1 + · · · + βn−2 + βn, 1 ≤ i < n, βi + βi+1 + · · · + βj−1 +
2(βj + βj+1 + · · · + βn−2) + βn−1 + βn, 1 ≤ i < j < n. The highest root is
β1 + 2(β2 + β3 + · · ·+ βn−2) + βn−1 + βn.
Lemma 6.1. (1) A set of i-th distinguished pseudo-translations 1 ≤ i ≤ n is given
as follow.
t4β1+4β2+···+4βn−2+2βn−1+2βn
= w
WS\{sβ1
}
0 w0sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ
Let i be even and i ≤ n− 2.
t2β1+4β2+···+2iβi+2iβi+1+···+2iβn−2+iβn−1+iβn
= w
WS\{sβi
}
0 w0sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
Let i be odd and 1 < i ≤ n− 2
t4β1+8β2+···+4iβi+4iβi+1+···4iβn−2+2iβn−1+2iβn =
w
WS\{sβi
}
0 w0sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2
(sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
For n even
t2β1+4β2+···+2(n−2)βn−2+nβn−1+(n−2)βn =
w
WS\{sβn−1
}
0 w0sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
t2β1+4β2+···+2(n−2)βn−2+(n−2)βn−1+nβn =
w
WS\{sβn}
0 w0sδ−ρsβ2 · · · sβn−2sβn−1sβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
For n odd
t4β1+8β2+···+(4n−8)βn−2+2nβn−1+(2n−4)βn =
w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
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t4β1+8β2+···+(4n−8)βn−2+(2n−4)βn−1+2nβn =
w
WS\{sβn}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sβn−1sδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give reduced expressions of these pseudo-translation.
Proof. (1) As in the previous cases, we first list the action of w
WS\{sβi
}
0 w0 on the
simple roots of ∆.
For i ≤ n− 2
w
WS\{sβi
}
0 w0(β1) = βi−1,
w
WS\{sβi
}
0 w0(β2) = βi−2,
· · ·
w
WS\{sβi
}
0 w0(βi−1) = β1,
w
WS\{sβi
}
0 w0(βi) = −β1 − · · · − βi − 2βi+1 − · · · − 2βn−2 − βn−1 − βn,
w
WS\{sβi
}
0 w0(βi+1) = βi+1,
· · ·
w
WS\{sβi
}
0 w0(βn−2) = βn−2,
If n and n− i are of the same parity (i.e. i is even)
w
WS\{sβi
}
0 w0(βn−1) = βn−1,
w
WS\{sβi
}
0 w0(βn) = βn.
If n and n− i are of the different parity (i.e. i is odd)
w
WS\{sβi
}
0 w0(βn−1) = βn,
w
WS\{sβi
}
0 w0(βn) = βn−1.
For i = n− 1
w
WS\{sβi
}
0 w0(β1) = βn,
w
WS\{sβi
}
0 w0(β2) = βn−2
w
WS\{sβi
}
0 w0(β3) = βn−3
· · ·
w
WS\{sβi
}
0 w0(βn−2) = β2
w
WS\{sβi
}
0 w0(βn−1) = β1,
w
WS\{sβi
}
0 w0(βn) = −β1 − 2β2 − 2β3 − · · · − 2βn−2 + βn−1 − βn.
For i = n
w
WS\{sβi
}
0 w0(β1) = βn−1,
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w
WS\{sβi
}
0 w0(β2) = βn−2
w
WS\{sβi
}
0 w0(β3) = βn−3
· · ·
w
WS\{sβi
}
0 w0(βn−2) = β2
w
WS\{sβi
}
0 w0(βn−1) = −β1 − 2β2 − 2β3 − · · · − 2βn−2 + βn−1 − βn
w
WS\{sβi
}
0 w0(βi) = β1.
(i) Now we prove the first identity.
We calculate the action of both sides on the simple roots.
w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ(β2)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβn(−β1−2β2−· · ·−2βn−2−βn−1−βn+δ)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2(−β1 − 2β2 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβ1
}
0 sδ−ρ(−β1 − β2 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβ1
}
0 (β2) = β2
For n− 2 ≥ j > 1
w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ(βj)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2(βj−1) = βj
w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ(βn−1)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2(βn−2 + βn) = w0w
WS\{sβ1
}
0 (βn) = βn−1
w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ(βn)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2(βn−2 + βn) = w0w
WS\{sβ1
}
0 (βn−1) = βn
w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ(β1)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβn(β1 + · · ·+ βn−2)
= w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2(β1 + · · ·+ βn)
= w0w
WS\{sβ1
}
0 sδ−ρ(β1 + 2β2 · · ·+ 2βn−2 + βn−1 + βn)
= w0w
WS\{sβ1
}
0 (−β1 − 2β2 · · · − 2βn−2 − βn−1 − βn + 2δ) = β1 + 2δ
On the other hand,
t4β1+4β2+···+4βn−2+2βn−1+2βn(βj) = αj , j 6= 1
t4β1+4β2+···+4βn−2+2βn−1+2βn(β1) = α1 + 2δ.
Therefore the first identity is established.
(ii) Now we prove the second identity.
Let i be even and i ≤ n− 2. Let j be odd and j < i
w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
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= w0w
WS\{sβi
}
0 (βi−j) = βj
For j > i
w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβi
}
0 (βj) = βj
Let j be even and j < i
w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj)sδ−ρ)(β2 + β3 + · · ·+ βj)
= w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj ))
(−β1 − · · · − βj − 2βj+1 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2)sδ−ρ)
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2))(β2)
= w0w
WS\{sβi
}
0 (β2+2( i−2−(j+2)2 +1)
) = w0w
WS\{sβi
}
0 (βi−j) = βj
Now we compute
w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βi)
= w0w
WS\{sβi
}
0 sδ−ρ(β2 + · · ·+ βi)
= w0w
WS\{sβi
}
0 (−β1 − · · · − βi − 2βi+1 − · · · − 2βn−2 − βn−1 − βn + δ)
= βi + δ
On the other hand,
t2β1+4β2+···+2iβi+2iβi+1+···+2iβn−2+iβn−1+iβn(βj) = βj , j 6= i,
t2β1+4β2+···+2iβi+2iβi+1+···+2iβn−2+iβn−1+iβn(βi) = βi + δ.
Therefore the second identity is established.
(iii) Now we prove the third identity.
Suppose that i be odd and i ≤ n− 2. Let j be odd and 1 < j < i.
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
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= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+1sβjsβj+2sβj+1)sδ−ρ)(β1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βi−j−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (βi−j+1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 − j−32 (βi−j+1+2 j−32 )
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−j+2
2 (βi−2)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−j
2 (β2 + · · ·+ βi−1 + 2βi + · · ·+ 2βn−2 + βn−1 + βn)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−j−2
2 (−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−j−4
2 (β4)
= w0w
WS\{sβi
}
0 sδ−ρ(β4+2 i−j−42 ) = w0w
WS\{sβi
}
0 (βi−j) = βj
For j = 1
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(β1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3)
· · · (sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βi−2)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (β2 + · · ·+ βi−1 + 2βi + · · ·+ 2βn−2 + βn−1 + βn)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−3
2 (−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−5
2 (β4)
= w0w
WS\{sβi
}
0 sδ−ρ(β4+2 i−52 ) = w0w
WS\{sβi
}
0 (βi−1) = β1
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For n− 2 ≥ j > i
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βj)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (βj) = βj
For j even j < i− 1
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ) · · ·
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj )sδ−ρ)
(β2 + · · ·+ βj)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ) · · ·
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2)sδ−ρ)
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ) · · ·
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+4sβj+3sβj+5sβj+4)sδ−ρ)(β4)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βi−j−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (βi−j+1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 − j−22 (βi−j+1+2 j−22 )
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
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(sβi−1sβi)sδ−ρ)
i−j−1
2 (β1)
= w0w
WS\{sβi
}
0 sδ−ρ(β1+2 i−j−12 ) = w0w
WS\{sβi
}
0 sδ−ρ(βi−j) = βj
Now we treat the case where j = i− 1
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βi−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
(β2 + · · ·+ βi−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−3
2 (β4)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)(β4+2 i−52 )
= w0w
WS\{sβi
}
0 (β1) = βi−1
Now we treat the case where j = i
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βi)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βi)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (β1 + · · ·+ βi)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−3
2 (−β4 − · · · − βi − 2βi+1 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)(−β4+2 i−52 − βi − 2βi+1 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβi
}
0 sδ−ρ(β2 + · · ·+ βi + δ)
= w0w
WS\{sβi
}
0 (−β1 − β2 − · · · − βi − 2βi+1 − · · · − 2βn−2 − βn−1 − βn + 2δ)
= βi + 2δ
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Finally
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)(βn−1)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (βn)
= w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−3
2 (βn)
= w0w
WS\{sβi
}
0 sδ−ρ(βn) = βn−1
Similarly to the above case
w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn)
= βn
On the other hand,
t4β1+8β2+···+4iβi+4iβi+1+···4iβn−2+2iβn−1+2iβn(βj) = βj , j 6= i,
t4β1+8β2+···+4iβi+4iβi+1+···4iβn−2+2iβn−1+2iβn(βi) = βi + 2δ.
Therefore we have established the identity.
(iv) Now let n be even. We prove the fourth and the fifth identities.
For j odd and j < n− 2
w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ(βn−j−2)
= w0w
WS\{sβn−1
}
0 (βn−j) = βj
For j even and j < n− 2
w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
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· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj)sδ−ρ)
(β2 + · · ·+ βj)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2)sδ−ρ)
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
(βn−j−2)
= w0w
WS\{sβn−1
}
0 sδ−ρ(βn−j)
= βj
w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn−2)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
(β2 + · · ·+ βn−2)
= w0w
WS\{sβn−1
}
0 sδ−ρ(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβn−1
}
0 (β2) = βn−2
w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn−1)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
(βn−1)
= w0w
WS\{sβn−1
}
0 sδ−ρ(ρ) = w0w
WS\{sβn−1
}
0 (−ρ+ 2δ) = βn−1 + 2δ
w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn)
= w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ(βn)
= w0w
WS\{sβn−1
}
0 (β1) = βn
On the other hand,
t2β1+4β2+···+2(n−2)βn−2+nβn−1+(n−2)βn(βj) = βj , j 6= n− 1,
t2β1+4β2+···+2(n−2)βn−2+nβn−1+(n−2)βn(βn−1) = βn−1 + 2δ.
Hence we proved the fourth identity.
The fifth identity follows from the fourth identity and the symmetry of the
Dynkin diagram from interchanging the (n− 1)-th and the n-th nodes.
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(v) Now we prove the sixth and the seventh identities.
Let n be odd. For j odd and j ≤ n− 2
w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2 (βn−j−1)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2 − j−12 (βn−j−1+2 j−1
2
)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−j
2
(β2 + β3 + · · ·+ βn−2 + βn)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−j−2
2
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−j−4
2
(β4)
= w0w
WS\{sβn−1
}
0 sδ−ρ(β4+2n−j−42 ) = βj
For j even and j < n− 2
w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βj)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβjsβj−1sβj+1sβj)sδ−ρ)
(β2 + · · ·+ βj)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβj+2sβj+1sβj+3sβj+2)sδ−ρ)
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2 (βn−j−1)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1−j
2 (βn−1)
= w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−1−j
2 (β1)
= w0w
WS\{sβn−1
}
0 sδ−ρ(β1+2n−1−j2 ) = βj
w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn−1)
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= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
(β2 + β3 + · · ·+ βn−1)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−1
2
(β1 + β2 + δ)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−3
2
(−β4 − 2β5 − · · · − 2βn−2 − βn−1 − βn + 2δ)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
(−βn + 2δ)
= w
WS\{sβn−1
}
0 w0sδ−ρ(ρ+ 2δ)
= w
WS\{sβn−1
}
0 w0(−ρ+ 4δ) = βn−1 + 4δ
w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))(βn)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
(β2 + β3 + · · ·+ βn−2 + βn)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−1
2
(−β1 − β2 − 2β3 − · · · − 2βn−2 − βn−1 − βn + δ)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n−3
2
(β4)
= w
WS\{sβn−1
}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
(β4+2n−52
)
= w
WS\{sβn−1
}
0 w0(β1) = βn
On the other hand,
t4β1+8β2+···+(4n−8)βn−2+2nβn−1+(2n−4)βn(βj) = βj , j 6= n− 1,
t4β1+8β2+···+(4n−8)βn−2+2nβn−1+(2n−4)βn(βn−1) = βn−1 + 4δ.
The seventh identity follows from the sixth identity and the symmetry of the
Dynkin diagram from interchanging the (n− 1)-th and the n-th nodes.
(2) Take i to be even and i ≤ n−2. There are n(n−1)− i(i−1)2 −(n−i)(n−i−1) =
− 3i22 − i2 +2ni roots with support containing βi. Among them there are i
2−i
2 roots
having coefficient 2 i.e.
β1 + 2β2 + · · ·+ 2βi + · · ·+ 2βn−2 + βn−1 + βn
β1 + β2 + 2β3 + · · ·+ 2βi + · · ·+ 2βn−2 + βn−1 + βn
· · ·
β1 + · · ·+ βi−1 + 2βi + · · ·+ 2βn−2 + βn−1 + βn
β2 + 2β3 + · · ·+ 2βi + · · ·+ 2βn−2 + βn−1 + βn
β2 + β3 + 2β4 + · · ·+ 2βi + · · ·+ 2βn−2 + βn−1 + βn
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· · ·
β2 + · · ·+ βi−1 + 2βi + · · ·+ 2βn−2 + βn−1 + βn
· · ·
βi−1 + 2βi + · · ·+ 2βn−2 + βn−1 + βn
Then
|Φt2β1+4β2+···+2iβi+2iβi+1+···+2iβn−2+iβn−1+iβn | = −i2 − i+ 2ni.
On the other hand
ℓ(w0w
WS\{sβi
}
0 sδ−ρ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−2sβi−3sβi−1sβi−2)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ)))
≤ −3i
2
2
− i
2
+2ni+1+5+9+· · ·+(2i−3) = −3i
2
2
− i
2
+2ni+
i2
2
− i
2
= −i2−i+2ni.
By (1) the inequality is equality indeed.
For i = 1 we compute
ℓ(w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ)
≤ n(n− 1)− (n− 1)(n− 2) + 2n− 2 = 4n− 4
There are n(n− 1)− (n− 1)(n− 2) = 2n− 2 roots with support containing β1. All
of them have coefficients of β1 being 1.
|Φt4β1+4β2+···+4βn−2+2βn−1+2βn | = 4n− 4
Hence by (1)
ℓ(w0w
WS\{sβ1
}
0 sδ−ρsβ2sβ3 · · · sβn−2sβn−1sβnsβn−2 · · · sβ3sβ2sδ−ρ) = 4n− 4.
For i odd and ≤ n− 2
ℓ(w0w
WS\{sβi
}
0 sδ−ρ(sβ2sβ3 · · · sβnsβ1sβ2 · · · sβn(sβn−3sβn−2)(sβn−4sβn−3) · · ·
(sβi−1sβi)sδ−ρ)
i−1
2 (sβ2sβ3 · · · sβnsβn−2sβn−3 · · · sβisβ1sβ2 · · · sβi−1sδ−ρ)
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβi−3sβi−4sβi−2sβi−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ)))
≤ −3i
2
2
− i
2
+ 2ni+ 1 + (2n− 1 + 2(n− i− 1) + 1) i− 1
2
+ (2n− 2) + ( i
2
2
− 3i
2
)
= −3i
2
2
− i
2
+ 2ni+ 1 + 2ni− i2 − i− 2n+ i+ 1 + 2n− 2 + i
2
2
− 3i
2
= −2i2 − 2i+ 4ni
By above
|Φt4β1+8β2+···+4iβi+4iβi+1+···4iβn−2+2iβn−1+2iβn | = −2i2 − 2i+ 4ni.
Therefore by (1) the above inequality is equality indeed.
For n even
ℓ(w0w
WS\{sβn−1
}
0 sδ−ρsβ2 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))
≤ (n(n− 1)− (n− 1)n
2
) + (1 + 2(n− 2) + 1) + (5 + 9 + · · ·+ (2n− 7)) = n2 − n
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On the other hand there are n(n − 1) − (n−1)n2 = (n−1)n2 roots with support
containing βn−1. All of them have coefficients of βn−1 being 1.
|Φt4β1+4β2+···+4βn−2+2βn−1+2βn | = n2 − n.
Therefore by (1) the above inequality is equality indeed.
By symmetry, we have
ℓ(w
WS\{sβn}
0 w0sδ−ρsβ2 · · · sβn−2sβn−1sβ1sβ2 · · · sβn−2sδ−ρ
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−4sβn−5sβn−3sβn−4)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))) = n2 − n
Now we compute for n odd
ℓ(w0w
WS\{sβn−1
}
0 sδ−ρ(sβ2sβ3 · · · sβn−1sβ1sβ2 · · · sβn−2sβnsδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ)))
≤ (n(n− 1)− (n− 1)n
2
)+ 1+ (2n− 2)(n+ 1
2
)+ (5+ 9+ · · ·+(2n− 5)) = 2n2− 2n
|Φt4β1+8β2+···+(4n−8)βn−2+2nβn−1+(2n−4)βn | = 2n2 − 2n.
Therefore by (1) the above inequality is equality indeed.
By symmetry, we have
ℓ(w
WS\{sβn}
0 w0sδ−ρ(sβ2sβ3 · · · sβn−2sβnsβ1sβ2 · · · sβn−2sβn−1sδ−ρ)
n+1
2
((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4) · · · (sβn−3sβn−4sβn−2sβn−3)sδ−ρ)
· · · ((sβ2sβ1sβ3sβ2)(sβ4sβ3sβ5sβ4)sδ−ρ))((sβ2sβ1sβ3sβ2)sδ−ρ))) = 2n2 − 2n.

7. E˜6
The simple roots are β1, β2, · · · , β6 which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫ8 be the standard basis of R8. Then simple roots can be realized
as follow: β1 =
ǫ1−ǫ2−ǫ3−···−ǫ7+ǫ8
2
√
2
, β2 =
ǫ1+ǫ2√
2
, β3 =
ǫ2−ǫ1√
2
, β4 =
ǫ3−ǫ2√
2
, β5 =
ǫ4−ǫ3√
2
, β6 =
ǫ5−ǫ4√
2
. Therefore the coroots are 2β1, 2β2, · · · , 2β6. The positive roots
are:
±ǫi+ǫj√
2
, 1 ≤ i < j ≤ 5, ǫ8−ǫ7−ǫ6+
∑5
i=1(−1)µ(i)ǫi
2
√
2
where µ(i) ∈ Z>0 and
∑5
i=1 µ(i)
is even. The highest root is β1 + 2(β2 + β3) + 3β4 + 2β5 + β6.
Lemma 7.1. (1)
t8β1+6β2+10β3+12β4+8β5+4β6
= w
WS\{sβ1
}
0 w0sδ−ρ(sβ2sβ4sβ5sβ3sβ4sβ1sβ2sβ3sβ4sβ5
sβ6sδ−ρ)
2sβ2sβ4sβ5sβ3sβ4sβ2sδ−ρ
t2β1+4β2+4β3+6β4+4β5+2β6
= w
WS\{sβ2
}
0 w0sδ−ρ
t10β1+12β2+20β3+24β4+16β5+8β6
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= w
WS\{sβ3
}
0 w0sδ−ρ(sβ2sβ4sβ5sβ6sβ3sβ4sβ5sβ2sβ4sβ1sβ3sβ4sβ2sβ5sβ4sβ6sβ5sδ−ρ)
2
(sβ2sβ4sβ3sβ5sβ4sβ2sβ1sβ3sβ4sβ6sβ5sβ4sβ3sβ2sβ4sδ−ρ)
(sβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρ)
t4β1+6β2+8β3+12β4+8β5+4β6
= w
WS\{sβ4
}
0 w0sδ−ρsβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρ
t8β1+12β2+16β3+24β4+20β5+10β6
= w
WS\{sβ5
}
0 w0sδ−ρ(sβ2sβ4sβ3sβ1sβ5sβ4sβ3sβ2sβ4sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρ)
2
(sβ2sβ4sβ5sβ3sβ4sβ2sβ6sβ5sβ4sβ1sβ3sβ4sβ5sβ2sβ4sδ−ρ)
(sβ2sβ4sβ3sβ5sβ6sβ4sβ1sβ5sβ3sβ4sβ2sδ−ρ)
t4β1+6β2+8β3+12β4+10β5+8β6
= w
WS\{sβ6
}
0 w0sδ−ρ(sβ2sβ4sβ3sβ5sβ4sβ6sβ2sβ5sβ4sβ3
sβ1sδ−ρ)
2sβ2sβ4sβ3sβ5sβ4sβ2sδ−ρ
(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give the reduced expressions of these pseudo-translation.
Proof. To prove (1) one computes the action of the left hand side and the right
hand side of those equalities on the simple roots β1, · · · , β6 and verifies that the
results coincide. We omit the details.
To prove (2) one compares the cardinality of the inversion set of the pseudo-
translation and the length of the words on the right hand sides. One notes the
following facts.
There are 16 roots with support containing β1. All of them have the coefficient
of β1 being 1.
|Φt8β1+6β2+10β3+12β4+8β5+4β6 | = (36− 5× 4)× 3 = 48.
There are 21 roots with support containing β2. All but one of them have the
coefficient of β2 being 1 and one of them has the coefficient of β2 being 2.
|Φ2β1+4β2+4β3+6β4+4β5+2β6 | = (36− 6×52 ) + 1 = 22.
There are 25 roots with support containing β3. 20 of them have the coefficient
of β3 being 1 and 5 of them have the coefficient of β3 being 2.
|Φt10β1+12β2+20β3+24β4+16β5+8β6 | = 20× 3 + 5× 6 = 90.
There are 29 roots with support containing β4. 9 of them have coefficient of β4
being 2 and 2 of them have the coefficient of β4 being 2 and the rest of them have
the coefficient of β4 being 1.
|Φt4β1+6β2+8β3+12β4+8β5+4β6 | = 18× 1 + 9× 2 + 2× 3 = 42.
By the symmetry of the Dynkin diagram, |Φt8β1+12β2+16β3+24β4+20β5+10β6 | = 90
and |Φt4β1+6β2+8β3+12β4+10β5+8β6 | = 48. 
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8. E˜7
The simple roots are β1, β2, · · · , β7 which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫ8 be the standard basis of R8. Then simple roots can be realized as fol-
low: β1 =
ǫ1−ǫ2−ǫ3−···−ǫ7+ǫ8
2
√
2
, β2 =
ǫ1+ǫ2√
2
, β3 =
ǫ2−ǫ1√
2
, β4 =
ǫ3−ǫ2√
2
, β5 =
ǫ4−ǫ3√
2
, β6 =
ǫ5−ǫ4√
2
, β7 =
ǫ6−ǫ5√
2
. Therefore the coroots are 2β1, 2β2, · · · , 2β7. The positive roots
are: ǫ8 − ǫ7, ±ǫi+ǫj√2 , 1 ≤ i < j ≤ 6,
ǫ8−ǫ7+
∑6
i=1(−1)µ(i)ǫi
2
√
2
where µ(i) ∈ Z>0 and∑6
i=1 µ(i) is odd. The highest root is 2β1 + 2β2 + 3β3 + 4β4 + 3β5 + 2β6 + β7.
Lemma 8.1. (1)
t4β1+4β2+6β3+8β4+6β5+4β6+2β7
= w
WS\{sβ1
}
0 w0sδ−ρ
t8β1+14β2+16β3+24β4+18β5+12β6+6β7
= w
WS\{sβ2
}
0 w0sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ2sβ3sβ4sβ5
sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ2sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5
sβ4sβ2sβ3sβ4sβ7sβ5sβ6sδ−ρsβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
t6β1+8β2+12β3+16β4+12β5+8β6+4β7
= w
WS\{sβ3
}
0 w0sδ−ρsβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
t8β1+12β2+16β3+24β4+18β5+12β6+6β7
= w
WS\{sβ4
}
0 w0sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ3sβ2sβ4sβ7
sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρsβ1sβ3sβ4sβ5sβ2
sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
t12β1+18β2+24β3+36β4+30β5+20β6+10β7
= w
WS\{sβ5
}
0 w0sδ−ρsβ1sβ3sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1sβ4sβ2sβ6
sβ3sβ4sβ5sβ6sβ7sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ5sδ−ρsβ1sβ3
sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ4sβ3sβ1
sβ2sβ4sβ5sβ3sβ4sδ−ρsβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1sβ6sβ5sβ4sβ3sβ2
sβ4sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sδ−ρsβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7
sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
t4β1+6β2+8β3+12β4+10β5+8β6+4β7
= w
WS\{sβ6
}
0 w0sδ−ρsβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
t4β1+6β2+8β3+12β4+10β5+8β6+6β7
= w
WS\{sβ7
}
0 w0sδ−ρsβ1sβ3sβ4sβ2sβ5sβ6sβ4sβ5sβ3sβ4sβ1sβ2sβ3sβ4sβ5
sβ6sδ−ρsβ1sβ3sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρ
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(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give the reduced expressions of these pseudo-translation.
Proof. To prove (1) one computes the action of the left hand side and the right
hand side of those equalities on the simple roots β1, · · · , β7 and verifies that the
results coincide. We omit the details.
To prove (2) one compares the cardinality of the inversion set of the pseudo-
translation and the length of the words on the right hand sides. One notes the
following facts.
There are 33 roots with support containing β1. All but one of them have the
coefficient of β1 being 1 and one of them has the coefficient of β1 being 2. Hence
|Φt4β1+4β2+6β3+8β4+6β5+4β6+2β7 | = 32 + 2 = 34.
There are 42 roots with support containing β2. All but 7 of them have the
coefficient of β2 being 1 and 35 of them have the coefficient of β2 being 2. Hence
|Φt8β1+14β2+16β3+24β4+18β5+12β6+6β7 | = 35× 2 + 7× 4 = 98.
There are 47 roots with support containing β3. All but 17 of them have the
coefficient of β3 being 1, 15 of them have the coefficient of β3 being 2 and 2 of
them have the coefficient of β3 being 3. Hence |Φt6β1+8β2+12β3+16β4+12β5+8β6+4β7 | =
30 + 15× 2 + 2× 3 = 66.
There are 53 roots with support containing β4. 24 of them have the coefficient
of β4 being 1, 18 of them have the coefficient of β4 being 2, 8 of them have the
coefficient of β4 being 3 and 3 of them have the coefficient of β4 being 4. Hence
|Φt8β1+12β2+16β3+24β4+18β5+12β6+6β7 | = 24 + 18× 2 + 8× 3 + 3× 4 = 96.
There are 50 roots with support containing β5. 30 of them have the coefficient
of β5 being 1, 15 of them have the coefficient of β5 being 2 and 5 of them have the
coefficient of β5 being 3. Hence |Φt12β1+18β2+24β3+36β4+30β5+20β6+10β7 | = 30× 2+ 15×
4 + 5× 6 = 150.
There are 42 roots with support containing β6. 32 of them have the coefficient
of β6 being 1 and 10 of them have the coefficient of β6 being 2.
Hence |Φt4β1+6β2+8β3+12β4+10β5+8β6+4β7 | = 32 + 10× 2 = 52.
There are 27 roots with support containing β7. All of them have the coefficient
of β7 being 1. Hence |Φt4β1+6β2+8β3+12β4+10β5+8β6+6β7 | = 27× 2 = 54.

9. E˜8
The simple roots are β1, β2, · · · , β8 which are numbered as in Section 3. Let
ǫ1, ǫ2, · · · , ǫ8 be the standard basis of R8. Then simple roots can be realized as fol-
low: β1 =
ǫ1−ǫ2−ǫ3−···−ǫ7+ǫ8
2
√
2
, β2 =
ǫ1+ǫ2√
2
, β3 =
ǫ2−ǫ1√
2
, β4 =
ǫ3−ǫ2√
2
, β5 =
ǫ4−ǫ3√
2
, β6 =
ǫ5−ǫ4√
2
, β7 =
ǫ6−ǫ5√
2
, β8 =
ǫ7−ǫ6√
2
. Therefore the coroots are 2β1, 2β2, · · · , 2β8. The
positive roots are:
±ǫi+ǫj√
2
, 1 ≤ i < j ≤ 8, ǫ8+
∑7
i=1(−1)µ(i)ǫi
2
√
2
where µ(i) ∈ Z>0 and∑7
i=1 µ(i) is even. The highest root is 2β1+3β2+4β3+6β4+5β5+4β6+3β7+2β8.
Lemma 9.1. (1)
t8β1+10β2+14β3+20β4+16β5+12β6+8β7+4β8
= w
WS\{sβ1
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t10β1+16β2+20β3+30β4+24β5+18β6+12β7+6β8
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= w
WS\{sβ2
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ5sβ2
sβ6sβ4sβ7sβ5sβ3sβ6sβ4sβ5sβ2sβ4sβ3sβ1sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6
sβ7sβ8sδ−ρ
t14β1+20β2+28β3+40β4+32β5+24β6+16β7+8β8
= w
WS\{sβ3
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ1sβ2sβ4sβ3sβ5sβ4sβ2sβ6sβ5sβ4sβ3
sβ1sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ2sδ−ρ
sβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ3sβ6sβ4
sβ5sβ2sβ4sβ3sβ1sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t20β1+30β2+40β3+60β4+48β5+36β6+24β7+12β8
= w
WS\{sβ4
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sβ1sβ3sβ4sβ2sβ5sβ4sβ3sβ1
sβ6sβ5sβ4sβ3sβ2sβ4sβ5sβ6sβ7sβ8sβ6sβ5sβ4sβ2sβ3sβ4sβ5sβ6sβ7sβ1sβ3sβ4sβ5sβ2sβ6sβ4
sβ5sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sβ5sβ6sβ7sβ8sβ4sβ5sβ6sβ7sβ2sβ4sβ3sβ5sβ1
sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ7sβ8sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ7sβ5sβ6sδ−ρsβ8sβ7sβ6
sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5sβ6sβ3sβ4sβ2sβ5sβ4sβ1sβ3
sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7
sβ5sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t16β1+24β2+32β3+48β4+40β5+30β6+20β7+10β8
= w
WS\{sβ5
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ3sβ5sβ6sβ7sβ8sβ4sβ5sβ6sβ7sβ2sβ4
sβ3sβ5sβ1sβ4sβ2sβ6sβ3sβ4sβ5sβ6sβ7sβ8sβ4sβ3sβ1sβ2sβ4sβ5sβ3sβ6sβ4sβ7sβ5sβ6sδ−ρsβ8
sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5sβ6sβ3sβ4sβ2sβ5sβ4sβ1
sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4
sβ7sβ5sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t12β1+18β2+24β3+36β4+30β5+24β6+16β7+8β8
= w
WS\{sβ6
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ3sβ2sβ1sβ4sβ3sβ5sβ4sβ6sβ7sβ8sβ5sβ6sβ7sβ2sβ4sβ5
sβ6sβ3sβ4sβ2sβ5sβ4sβ1sβ3sβ4sβ5sβ2sβ6sβ4sβ7sβ5sβ8sβ6sβ7sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2
sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7sβ5sβ2sβ6sβ4sβ5sβ3sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t8β1+12β2+16β3+24β4+20β5+16β6+12β7+6β8
= w
WS\{sβ7
}
0 w0sδ−ρsβ8sβ7sβ6sβ5sβ4sβ2sβ3sβ4sβ1sβ5sβ3sβ6sβ4sβ7sβ5sβ2sβ6sβ4sβ5sβ3
sβ4sβ1sβ3sβ2sβ4sβ5sβ6sβ7sβ8sδ−ρ
t4β1+6β2+8β3+12β4+10β5+8β6+6β7+4β8
= w
WS\{sβ8
}
0 w0sδ−ρ
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(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give the reduced expressions of these pseudo-translation.
Proof. To prove (1) one computes the action of the left hand side and the right
hand side of those equalities on the simple roots β1, · · · , β8 and verifies that the
results coincide. We omit the details.
To prove (2) one compares the cardinality of the inversion set of the pseudo-
translation and the length of the words on the right hand sides. One notes the
following facts.
There are 78 roots with support containing β1. All but 14 of them have the
coefficient of β1 being 1 and 14 of them has the coefficient of β1 being 2. Hence
|Φt8β1+10β2+14β3+20β4+16β5+12β6+8β7+4β8 | = 64 + 14× 2 = 92.
There are 92 roots with support containing β2. 56 of them have the coefficient
of β2 being 1, 28 of them have the coefficient of β2 being 2 and 8 of them have the
coefficient of β2 being 3. Hence |Φt10β1+16β2+20β3+30β4+24β5+18β6+12β7+6β8 | = 56+28×
2 + 8× 3 = 136.
There are 98 roots with support containing β3. 42 of them have the coefficient
of β3 being 1, 35 of them have the coefficient of β3 being 2, 14 of them have the
coefficient of β3 being 3 and 7 of them have the coefficient of β3 being 4. Hence
|Φt14β1+20β2+28β3+40β4+32β5+24β6+16β7+8β8 | = 42 + 35× 2 + 14× 3 + 7× 4 = 182.
There are 106 roots with support containing β4. 30 of them have the coefficient
of β4 being 1, 30 of them have the coefficient of β4 being 2, 20 of them have the
coefficient of β4 being 3, 15 of them have the coefficient of β4 being 4, 6 of them have
the coefficient of β4 being 5 and 5 of them have the coefficient of β4 being 6. Hence
|Φt20β1+30β2+40β3+60β4+48β5+36β6+24β7+12β8 | = 30+30×2+20×3+15×4+6×5+5×6 =
270.
There are 104 roots with support containing β5. 40 of them have the coefficient
of β5 being 1, 30 of them have the coefficient of β5 being 2, 20 of them have the
coefficient of β5 being 3, 10 of them have the coefficient of β5 being 4 and 4 of them
have the coefficient of β5 being 5. Hence |Φt16β1+24β2+32β3+48β4+40β5+30β6+20β7+10β8 | =
40 + 30× 2 + 20× 3 + 10× 4 + 4× 5 = 220.
There are 97 roots with support containing β6. 48 of them have the coefficient
of β6 being 1, 30 of them have the coefficient of β6 being 2, 16 of them have the
coefficient of β6 being 3 and 3 of them have the coefficient of β6 being 4.
Hence |Φt12β1+18β2+24β3+36β4+30β5+24β6+16β7+8β8 | = 48+30×2+16×3+3×4 = 168.
There are 83 roots with support containing β7. 54 of them have the coefficient
of β7 being 1, 27 of them have the coefficient of β7 being 2 and 2 of them have the
coefficient of β7 being 3.
Hence |Φt8β1+12β2+16β3+24β4+20β5+16β6+12β7+6β8 | = 54 + 27× 2 + 2× 3 = 114.
There are 57 roots with support containing β8. 56 of them have the coefficient
of β8 being 1 and 1 of them has coefficient of β8 being 2. 
10. F˜4
The simple roots are denoted by β1, β2, β3, β4 which are numbered as in Section
3. Let ǫ1, ǫ2, · · · , ǫ4 be the standard basis of R4. Then simple roots can be realized
as follow: β1 = ǫ2 − ǫ3, β2 = ǫ3 − ǫ4, β3 = ǫ4, β4 = ǫ1−ǫ2−ǫ3−ǫ42 . Therefore the
coroots are β1, β2, 2β3, 2β4. The positive roots are: ǫi, 1 ≤ i ≤ 4, ǫi ± ǫj1 ≤ i < j ≤
4, ǫ1±ǫ2±ǫ3±ǫ42 . The highest root is 2β1 + 3β2 + 4β3 + 2β4.
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Lemma 10.1. To prove (1) one computes the action of the left hand side and the
right hand side of those equalities on the simple roots β1, · · · , β4 and verifies that
the results coincide. We omit the details.
To prove (2) one compares the cardinality of the inversion set of the pseudo-
translation and the length of the words on the right hand sides. One notes the
following facts.
t2β1+3β2+4β3+2β4
= w
WS\{sβ1
}
0 w0sδ−ρ.
t3β1+6β2+8β3+4β4
= w
WS\{sβ2
}
0 w0sδ−ρsβ1sβ2sβ3sβ4sβ2sβ3sβ2sβ1sδ−ρ.
t4β1+8β2+12β3+6β4
= w
WS\{sβ3
}
0 w0sδ−ρsβ1sβ2sβ3sβ2sβ1sβ4sβ3sβ2sβ3sβ1sβ2sδ−ρ
sβ1sβ2sβ3sβ4sβ2sβ3sβ2sβ1sδ−ρ
t2β1+4β2+6β3+4β4
= w
WS\{sβ4
}
0 w0sδ−ρsβ1sβ2sβ3sβ2sβ1sδ−ρ
(2) Replace w
WS\{sβi
}
0 w0 with a reduced expression of it, the expressions in (1)
give the reduced expressions of these pseudo-translation.
Proof. There are 15 roots with support containing β1. All but 1 of them have the
coefficient of β1 being 1 and one of them has that being 2. So |Φt2β1+3β2+4β3+2β4 | =
14 + 2 = 16.
There are 20 roots with support containing β2. 12 of them have the coefficient
of β2 being 1, 6 of them have the coefficient of β2 being 2 and 2 of them have the
coefficient of β2 being 3. So |Φt3β1+6β2+8β3+4β4 | = 12 + 2× 6 + 2× 3 = 30
There are 20 roots with support containing β3. 6 of them have the coefficient
of β3 being 1, 9 of them have the coefficient of β3 being 2, 2 of them have the
coefficient of β3 being 3 and 3 of them have the coefficient of β3 being 4.
So |Φt4β1+8β2+12β3+6β4 | = 6 + 9× 2 + 2× 3 + 3× 4 = 42
There are 15 roots with support containing β3. 8 of them have the coefficient of
β4 being 1, 7 of them have the coefficient of β4 being 2. So |Φt2β1+4β2+6β3+4β4 | =
8 + 7× 2 = 22. 
11. G˜2
The simple roots are denoted by β1, β2 which are numbered as in Section 3. Let
ǫ1, ǫ2, ǫ3 be the standard basis of R3. Then simple roots can be realized as follow:
β1 = ǫ1 − ǫ2, β2 = −2ǫ1 + ǫ2 + ǫ3. Therefore the coroots are β1, β23 . The positive
roots are: β1, β2, β1+β2, 2β1+β2, 3β1+β2, 3β1+2β2. The highest root is 3β1+2β2.
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Lemma 11.1.
t2β1+β2
= w
WS\{sβ1
}
0 w0sδ−ρsβ2sβ1sβ2sδ−ρ
tβ1+ 23β2
= w
WS\{sβ2
}
0 w0sδ−ρ
Proof. To prove (1) one computes the action of the left hand side and the right
hand side of those equalities on the simple roots β1, β2 and verifies that the results
coincide. We omit the details.
To prove (2) one compares the cardinality of the inversion set of the pseudo-
translation and the length of the words on the right hand sides. One notes the
following facts.
There are 5 roots with support containing β1. 2 of them have the coefficient of
β1 being 1, 1 of them have the coefficient of β1 being 2 and 2 of them have the
coefficient of β1 being 3. |Φt2β1+β2 | = 2 + 1× 2 + 2× 3 = 10.
There are 5 roots with support containing β2. 4 of them have coefficient of β2
being 1, 1 of them have coefficient of β2 being 2. So |Φt
β1+
2
3
β2
| = 4 + 2 = 6. 
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